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Entangled measurement is a crucial tool in quantum technology. We propose a new entangle-
ment measure of a multi-mode detection, which estimates the amount of entanglement creatable by
the measurement. We experimentally demonstrate two-mode detector tomography on a detector
consisting of two superconducting nanowire single photon detectors. We investigate the entangling
capability of the detector in the various settings. Our proposed measure verifies that the detector
makes an entangled measurement in a certain setting, and reveals the nature of the entangling prop-
erties of the detector. The precise knowledge of a detector is essential for applications in quantum
information technology. The experimental reconstruction of detector characteristics along with the
proposed measure will be a key feature in future quantum information processing.
Measurement on quantum objects is of central impor-
tance in the recent developments of quantum technolo-
gies, such as ultra-accurate sensing [1], absolutely secure
or high-capacity communication [2, 3], quantum compu-
tation [4], and quantum simulation [5]. Significant ef-
forts have been devoted to the development of highly effi-
cient and accurate detectors on desired quantum objects.
While it is no wonder that a highly efficient or accurate
quantum detector permits observations of quantum phe-
nomena otherwise hidden in a noisy environment, mea-
surements play an even more vital role in quantum in-
formation technologies. Examples include a linear optics
quantum computation scheme that utilizes photon detec-
tions to achieve universal computation [6], one-way quan-
tum computation that employs a gigantic entangled state
and successive measurements for computation [7–9], and
the creation of non-classical states such as Schro¨dinger
cat states by projection onto number states [10–12].
In light of advancements in quantum technologies, an
interesting class of measurement is an entangled measure-
ment, i.e., a projection onto an entangled basis. Entan-
gled measurement (or non-local/collective measurement)
is often a crucial component to achieve quantum enhance-
ment that is otherwise impossible to implement. An ex-
ample of such a measurement is the well-known Bell mea-
surement that projects a state of two qubits into one of
the four Bell states (maximally entangled states of two
qubits). The Bell measurement is a fundamental entan-
glement processing technology in many quantum appli-
cations such as quantum teleportation [13, 14], entangle-
ment swapping [15, 16], quantum repeater [17, 18], quan-
tum key distribution [19], and quantum parameter esti-
mation [20]. The performances of these quantum tech-
nologies rely on the entangling capability of the measure-
ments.
Entangled measurements in the quantum optical set-
ting are often implemented by a set of beam splitters and
detectors, and can be easily extended to complex multi-
partite entangled measurements. An interesting fact is
that a single detector has the ability to induce entangle-
ment via measurement. A real detector often has sensi-
tivity over multiple modes such as frequency, temporal,
spatial, and polarization. Therefore, depending on its
internal structure, measurement by such a detector can
cause a multi-mode interference, and induce entangle-
ment over multiple modes. However, we usually ignore
this entangling capability as standard practice is to use
a mode filter to eliminate unwanted modes from enter-
ing the detector. Detailed characterization of a detector
that includes a proper measure of entanglement reveals
the entangling capability of a detector and its potential
use in quantum technology, and thus will be of practical
importance in quantum information applications as well
as fundamental quantum physics.
In this letter, we propose a new entanglement measure
of a detector, which reveals what amount of entanglement
the measurement could possibly create in a given situa-
tion, like entanglement swapping. The proposed entan-
glement measure is intuitive and easy to calculate from
Positive-Operator-Valued Measures (POVMs) of a detec-
tor [4, 21]. We experimentally demonstrate a polarization
two-mode detector using two superconducting nanowire
single photon detectors (SNSPDs), which emulates vari-
ous two-mode detectors. We reconstruct the POVMs of
these detectors by utilizing a detector tomography tech-
nique [22, 23], and show in what condition a detector can
make an entangled measurement. We note that Roccia et
al. [24] have recently demonstrated detector tomography
of Bell measurements, and estimated precisions of multi-
parameter estimations with the reconstructed measure-
ments. In contrast to their work, our demonstration of
the proposed entanglement measure focuses more on the
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FIG. 1. Multi-mode entangled detection. (a) Two-mode mea-
surement on two bipartite entangled states (i.e., entanglement
swapping). (b) Experimental setup of the two-mode quantum
detector. PBS, Polarization Beam Splitter; H, Half Wave
Plate; Q, Quarter Wave Plate; ND, Neutral Density Filter;
SNSPD, Superconducting Nanowire Single Photon Detector.
Optical beams are transmitted through optical fibers except
inside a fiber bench.
general characterization of a detector, with implications
in a wider range of quantum applications involving en-
tanglement creation via measurements. Our experimen-
tal results show that a completely mixed measurement
of two orthogonal entangled measurements do not create
entanglement, while asymmetric measurements induced
by photon loss may create entanglement. Furthermore,
we characterize an SNSPD that has asymmetric polar-
ization sensitivities, and show that even a single SNSPD
can have intrinsic entangling capabilities. These results,
along with our developed techniques and proposed mea-
sure, give a deeper understanding and quantification of
detector measurements, which is useful for complex quan-
tum applications.
First, let us introduce our proposed entanglement mea-
sure. Here we assume a two-mode measurement where
each mode has a d-dimensional Hilbert space. The
measurement is fully described by a two-mode POVM
{Πˆ(i)A,B}. The probability of obtaining outcome i is rep-
resented as pi = Tr[ρˆA,BΠˆ
(i)
A,B ], where ρˆA,B is the density
matrix of an input bipartite state consisting of modes A
and B. In order to quantify the entangling capability
of a detector, we define the entanglement measure of a
POVM as,
M(Πˆ
(i)
A,B) ≡ E
 Πˆ(i)A,B
Tr
[
Πˆ
(i)
A,B
]
 , (1)
where an entanglement measure E of a quantum state
is applied to the normalized POVM. Since a normal-
ized POVM is a positive semidefinite operator with unit
trace, which is the same as a density operator, any en-
tanglement measure E can be applied as long as it is in-
variant under local unitary operations (See Supplemen-
tary Materials). In this letter, we use the logarithmic
negativity ELN for ease of calculation [25, 26]. The
logarithmic negativity of a quantum state is defined as
ELN (ρˆA,B) = log2
∥∥∥ρˆTBA,B∥∥∥, where TB is a partial trans-
pose of mode B [27], and a trace norm is defined as
‖X‖ ≡ Tr
√
X†X, which corresponds to the sum of ab-
solute values of the eigenvalues of X. The entanglement
measure of a POVM in terms of the logarithmic nega-
tivity, MLN , is non-negative for any POVM. Zero log-
arithmic negativity means that the POVM is separable
(ΠˆA,B = ΠˆA⊗ΠˆB), while non-zero logarithmic negativity
indicates the inseparability of the POVM.
Next, we consider the meaning of this measure, and
justify that the inseparability of the POVM is related to
the entangling properties of the measurement. Let us ap-
ply a two-mode (or joint) measurement on two bipartite
entangled pairs, as shown in Fig. 1(a). We assume that
modes A-B and C-D are maximally entangled bipartite
states, and consider the possible entanglement created
after the joint measurement on modes B and C. It is
straightforward to show that the remaining state after
measurement is proportional to the transposed POVM
up to local unitary operations (See Supplementary Ma-
terials). Thus the entanglement measure of the POVM
as defined in Eq. (1) is equivalent to entanglement of
the remaining state, as long as E is invariant under local
unitary operations,
M(Πˆ
(i)
B,C) = E(ρˆ
(i)
A,D), (2)
where ρˆ
(i)
A,D = TrB,C
[
ρˆΠˆ
(i)
B,C
]
/pi is the remaining state
after measurement, pi = Tr
[
ρˆΠˆ
(i)
B,C
]
is the probability of
obtaining an outcome i, and the initial state ρˆ consists
of two arbitrary maximally entangled pairs. The insepa-
rability of the POVM is directly related to the maximum
entanglement created by the measurement. It is worth
noting that we consider conditionally created entangle-
ment with the outcome i of measurements. Although
entanglement may be created conditionally by local op-
eration and classical communications (LOCC), i.e., en-
tanglement distillation [28], it is restricted to the case
where modes A and D have initial (weak) entanglement.
In our current scheme, LOCC cannot create entangle-
ment between A and D even conditionally, because there
is no initial entanglement. Thus the inseparability of
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FIG. 2. Reconstructed two-mode detector POVMs corresponding to “on”. (a) Separable measurement with L = 0 (no ND
filter). (b) Entangled measurement with L = 1 (blocking the reflected beam from PBS2).
the POVM, i.e., the created entanglement after the mea-
surement, truly proves that the measurement is non-local
and capable of creating entanglement. This entangle-
ment measure of the POVM will be useful to predict the
performance of quantum information protocols where en-
tangled measurements are used.
Figure 1(b) shows our experimental setup. In our
experiment, we assume that each mode has a two-
dimensional Hilbert space (d = 2). An input state is
represented with a bipartite qubit, and the POVM is rep-
resented with a 4 by 4 matrix. We employ a continuous-
wave (CW) fiber coupled laser at 1548.56 nm as the pri-
mary light source. The input state is a weak coherent
state with an average photon number much less than
one. The yellow dashed box in Fig. 1(b) corresponds
to the preparation of input states where the inputs are
prepared by attenuating the laser and rotating a quarter
wave plate (QWP2) and a half wave plate (HWP2), de-
noted as Q2 and H2 respectively. The dashed purple box
corresponds to the two-mode quantum detector compris-
ing of two SNSPDs (Photon Spot), a polarization beam
splitter (PBS2), multiple wave plates and a neutral den-
sity (ND) filter. Our detector emulates various two-mode
measurements by introducing loss in one channel. The
polarization of the input beam is first rotated by HWP0
with the azimuth angle of 22.5◦, which changes, for ex-
ample, a horizontally polarized beam into a diagonally
polarized beam. PBS2 following HWP0 splits the optical
beam into two spatially separated beams. Various ND fil-
ters with corresponding loss L are inserted in one of the
two beams. Two optical beams are then injected into
two SNSPDs through optical fibers. Note that we maxi-
mize the quantum efficiencies of the SNSPDs by rotating
QWP3,4 and HWP3,4 placed after PBS2. The photon
counting signals from the two SNSPDs are then sent to a
logical OR gate, and the final detector output is obtained
as an on/off signal.
This detector has two extreme settings, i.e., separa-
ble measurement or maximally entangled measurement.
First let us assume that we do not have an ND filter
in the beam (L=0). If the input beam has at most
one photon, the photon detection at SNSPD1(2) is actu-
ally a projection onto the Bell state |Ψ+〉 (|Ψ−〉), where
|Ψ±〉 = (|1, 0〉 ± |0, 1〉)/√2, and |n,m〉 is a state with n
photons with horizontal polarization and m photons with
vertical polarization. After detection by the SNSPDs, we
apply an OR operation to the outcome signals. There-
fore the detector outcomes do not tell us which SNSPD
detected a photon, as long as the two SNSPDs have the
same quantum efficiency. This means that the detector
acts as a fully mixed measurement of |Ψ+〉 and |Ψ−〉, i.e.,
a separable measurement. On the other hand, by block-
ing one of the optical beams (L = 1), the detector acts
as a projection measurement onto one of the Bell states
(|Ψ+〉 or |Ψ−〉), that is, a maximally entangled measure-
ment. In addition, by changing the ND filter (0 < L < 1),
we can continuously realize an in-between setting for the
measurement type. Note that our maximally entangled
measurement is not exactly the same as a true Bell mea-
surement due to the lack of photon number resolution.
POVMs are reconstructed via the relationship of pi =
Tr[ρˆΠˆ(i)], where the probablity pi is experimentally ob-
tained and ρˆ is the known input states. Thus this is an
inverse problem. We record detector outcomes for var-
ious input states, and then solve a convex optimization
problem to obtain the POVMs [23, 24, 29–35]. The nec-
essary sets of input (coherent) states are dependent on
the degrees of freedom of the POVMs. In our experi-
ment, we assume that the POVMs are 4 by 4 matrices,
Π(i) = Σ pi
(i)
k,l,m,n |k, l〉〈m,n| (k, l,m, n = 0 or 1). How-
ever, we first reconstruct a 6 by 6 matrix representation,
and then truncate it to a 4 by 4 matrix. This is because
an input coherent state with a non-negligible amount of
|1, 1〉 element has |0, 2〉 or |2, 0〉 elements with the same
order of magnitude due to the Poisson photon statistics of
a coherent state. We note that the POVM with a 6 by 6
matrix representation is not directly used for quantifying
entanglement because it is not decomposed into two sub-
systems. Also, since our detector is insensitive to global
phase, this gives us an additional constraint pi
(i)
k,l,m,n = 0
4(k + l 6= m+ n), which simplifies the optimization prob-
lem. By taking this into account, we choose 19 sets of
coherent states as inputs (See Supplementary Materials
for the detailed choices of coherent states). Our over-
all detector, i.e., the outcome after the OR operation,
is an on/off detector, so it only has two POVMs, Πˆ(on)
and Πˆ(off). We reconstruct one POVM, Πˆ(on), under the
constraint 0 ≤ Πˆ(on) ≤ 1ˆ, and then calculate the other
POVM, Πˆ(off) = 1ˆ− Πˆ(on), so that the completeness rela-
tion of the POVMs is automatically satisfied. We record
100,000 measurement outcomes with a 1 µs time window
for each input state to reconstruct the POVMs (See Sup-
plementary Materials). We repeated these measurements
six times to derive experimental error bars (standard de-
viations) of the reconstructed POVMs.
Figure 5(a) shows the reconstructed POVM Πˆ(on)
without an ND filter (L = 0), which corresponds to
a fully separable measurement. This measurement can
be considered as a mixture of projections onto two
Bell states, 12 |Ψ+〉〈Ψ+| + 12 |Ψ−〉〈Ψ−| = |1, 0〉〈1, 0| +|0, 1〉〈0, 1|, if the input beam has up to one photon per
wavepacket. The diagonal elements of |1, 0〉〈1, 0| and
|0, 1〉〈0, 1| are 0.209 ± 0.007, and 0.201 ± 0.008, respec-
tively, which correspond to the quantum efficiencies of
the two SNSPDs. Those values agree with the theoretical
predictions of 20±1%, which includes optical losses such
as coupling inefficiency at the fiber coupler; the quantum
efficiencies of the SNSPDs themselves are around 30%.
We obtain 99.9 ± 0.05% fidelity between the experimen-
tal and theoretical POVMs, which are derived by includ-
ing the SNSPDs’ finite quantum efficiencies and optical
losses of the detector. This verifies the high accuracy of
our reconstruction.
Figure 5(b) shows the reconstructed POVM of the
entangled measurement. In this case, we introduce
100% loss (L = 1) at one SNSPD. This measure-
ment can be considered as a projection onto the Bell
state, |Ψ+〉〈Ψ+| = (|1, 0〉〈1, 0|+ |1, 0〉〈0, 1|+ |0, 1〉〈1, 0|+
|0, 1〉〈0, 1|)/2, if the input beam has up to one photon
per wavepacket. The reconstructed POVM has non-zero
off-diagonal elements in contrast to the POVM of the
separable measurement in Fig. 5(a), which is evidence of
the measurement’s entangling properties. The calculated
fidelity is 99.5 ± 0.5%.
Figure 3 shows the entanglement measure of the
POVMs, MLN (Πˆ
(on)). Trace (i) shows the lower bound of
zero, which indicates a separable or non-entangled mea-
surement. The blue crosses (ii) show the experimental re-
sults for various losses in one channel (See Supplementary
Materials for the reconstructed POVMs with L = 0.166,
0.491 and 0.754). At zero loss L = 0, MLN is zero, mean-
ing a fully separable measurement. By increasing losses
L in one channel, MLN increases until it reaches a max-
imum of 0.25 ± 0.05 at L = 1. This behavior may be
counterintuitive because losses generally degrade entan-
glement. This result, however, indicates that some form
of asymmetry is necessary to create entanglement. In the
current setting, the selectivity of two orthogonal projec-
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FIG. 3. Logarithmic negativities of the POVMs. (i) Bound
for non-entangled measurement. (ii) Experimental results for
various channel losses. Theoretical prediction curves (iii) with
actual quantum efficiencies and (iv) ideal quantum efficien-
cies. (v) Experimental result without PBS2.
tive measurements (|Ψ+〉 and |Ψ−〉) is key to generate
the entangled projection, and it is achieved by introduc-
ing loss in one channel. The experimental results show
good agreement with the theory curve (iii), which is de-
rived by taking into account the finite quantum efficien-
cies. The purple dash-dotted line (iv) is the theoretical
curve assuming 100% quantum efficiencies. Note that
this measurement cannot reach unity even with 100%
detection efficiencies, which can only be obtained by a
true Bell measurement. This is due to the |1, 1〉〈1, 1| el-
ement of the POVMs that are non-zero for our detector,
which would be zero for a true Bell measurement. This
non-zero |1, 1〉〈1, 1| element is attributed to the lack of
photon number resolution by the SNSPDs.
We also perform experiments by removing PBS2 from
the setup shown in Fig. 1(b). In this configuration,
the detector consists of only a single SNSPD1 and does
not have an artificial polarization-selective component.
Thus, the reconstructed POVM represents the charac-
teristics of the SNSPD itself. The experimental result
shows MLN = 0.009 ± 0.004 > 0, which indicates that
the SNSPD itself has entangling capabilities (See Supple-
mentary Materials for the reconstructed POVM). This
is because the SNSPD is polarization-sensitive, or in
other words, the detector has an asymmetry over multi-
mode detection. The situation is identical to that of
two SNSPDs with finite loss. The ratio of the quan-
tum efficiencies for orthogonal polarizations is measured
as 0.721, corresponding to L = 0.279. The red data point
(v) shows the experimental result plotted at L = 0.279,
which is on the theoretical curve of (iii). Note that this
non-zero MLN is actually caused by the polarization mix-
ing by HWP0, as well as the asymmetric polarization
sensitivities of the SNSPD. Multi-mode interference and
selectivity of a particular basis are two essential sources
of the entangled projection. The reconstructed POVMs
5and our entanglement measure reveal detector charac-
teristics in detail, and will have practical importance as-
sessing detectors in the context of quantum information
processing.
In summary, we proposed an entanglement measure of
a detector, and applied it to a two-mode detector. Our
newly proposed measure represents the detector’s ability
to create entanglement. The experimental results imply
that the entangling properties of the measurement stem
from an asymmetry inside the detector. The detector
tomography technique and proposed measure can be ex-
tended to more than two modes, and to other physical
modes such as frequency and temporal. Precise charac-
terization of the measurement detector employed is es-
sential for applications in quantum information process-
ing. These experimental demonstrations, along with our
proposed measure, will be useful in future quantum in-
formation technologies.
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Supplementary materials
I. ENTANGLEMENT CREATED BY
MEASUREMENT
In this section, we will explain how entanglement cre-
ated by measurement is related to its POVM. As ex-
plained in the main text, we assume that we have two
pairs of maximally entangled states. We apply a two-
mode measurement on them, and then we examine the
entanglement of the post-measurement state.
We assume d-dimensional Hilbert space for each mode.
Arbitrary maximally entangled bipartite states are ex-
pressed with a particular maximally entangled state and
local unitary operators as,
|ψM 〉 =
(
UˆA ⊗ VˆB
) ∣∣Φ+〉
A,B
(3)
=
1√
d
∑
µ,ν,n
uµ,nvν,n |µ, ν〉A,B , (4)
where |Φ+〉 = 1√
d
∑
n |n, n〉, and UˆA (VˆB) is a local uni-
tary operator for mode A (B) [21]. uµ,n and vν,n are
the coefficients describing these unitary operators, i.e.,
Uˆ |n〉 = ∑µ uµ,n |µ〉 and Vˆ |n〉 = ∑ν vν,n |ν〉.
We have two pairs of maximally entangled states |ψ1〉
and |ψ2〉 as,
ρˆ = |ψ1〉〈ψ1|A,B ⊗ |ψ2〉〈ψ2|C,D , (5)
|ψ1〉A,B =
1√
d
(
Uˆ
(1)
A ⊗ Vˆ (1)B
)∑
n1
|n1, n1〉A,B , (6)
|ψ2〉C,D =
1√
d
(
Uˆ
(2)
C ⊗ Vˆ (2)D
)∑
n2
|n2, n2〉C,D , (7)
where ρˆ is the initial four-mode state. We apply a joint
measurement on modes B and C. The POVM of the
joint measurement is expressed as,
ΠˆB,C =
∑
i,j,k,l
pii,j,k,l |i, j〉〈k, l|B,C . (8)
Here we omit the superscript denoting the measurement
outcome for simplicity.
The remaining state after the measurement is calcu-
lated as,
TrB,C
[
ρˆ ΠˆB,C
]
=
∑
s,t
〈s, t|B,C ρˆ ΠˆB,C |s, t〉B,C (9)
=
1
d2
∑
i,j,k,l,n1,n2,n′1,n
′
2
pii,j,k,l
(
Uˆ
(1)
A ⊗ Vˆ (2)D
)
× 〈k, l|B,C
(
Vˆ
(1)
B ⊗ Uˆ (2)C
)
|n1, n2〉B,C
× 〈n′1, n′2|B,C
(
Vˆ
(1)
B ⊗ Uˆ (2)C
)†
|i, j〉B,C
× |n1, n2〉〈n′1, n′2|A,D
(
Uˆ
(1)
A ⊗ Vˆ (2)D
)†
, (10)
where TrB,C is a partial trace regarding modes B and C.
Note that this expression is not normalized. Let us first
calculate the part of Eq. (10),∑
n1,n2
〈k, l|B,C
(
Vˆ
(1)
B ⊗ Uˆ (2)C
)
|n1, n2〉B,C |n1, n2〉A,D
=
∑
n1,n2
v
(1)
k,n1
u
(2)
l,n2
|n1, n2〉A,D
=
(
Vˆ ′A ⊗ Uˆ ′D
)
|k, l〉A,D , (11)
where we define the new unitary operators as Uˆ ′D |n〉 =∑
µ u
(2)
n,µ |µ〉 and Vˆ ′A |n〉 =
∑
ν v
(1)
n,ν |ν〉. In the same man-
ner, the other part of Eq. (10) is calculated as,∑
n′1,n
′
2
〈n′1, n′2|A,D 〈n′1, n′2|B,C
(
Vˆ
(1)
B ⊗ Uˆ (2)C
)†
|i, j〉B,C
= 〈i, j|A,D
(
Vˆ ′A ⊗ Uˆ ′D
)†
. (12)
By substituting Eqs. (11) and (12) into Eq. (10), we
obtain,
TrB,C
[
ρˆ ΠˆB,C
]
=
1
d2
∑
i,j,k,l
pii,j,k,l
(
Uˆ
(1)
A Vˆ
′
A ⊗ Vˆ (2)D Uˆ ′D
)
× |k, l〉〈i, j|A,D
(
Uˆ
(1)
A Vˆ
′
A ⊗ Vˆ (2)D Uˆ ′D
)†
,
= U
(
ΠˆA,D
)T
U†, (13)
where we define the POVM ΠˆA,D and the local unitary
operator U as,
ΠˆA,D =
∑
i,j,k,l
pii,j,k,l |i, j〉〈k, l|A,D , (14)
U ≡ Uˆ (1)A Vˆ ′A ⊗ Vˆ (2)D Uˆ ′D. (15)
Note that this POVM ΠˆA,D is the same as the original
POVM ΠˆB,C (Eq. (8)) except for the mode subscripts.
7Finally we obtain the normalized density matrix after the
measurement as,
ρˆA,D =
TrB,C
[
ρˆ ΠˆB,C
]
Tr
[
ρˆ ΠˆB,C
] = U
(
ΠˆA,D
)T
U†
Tr
[
ΠˆA,D
] . (16)
Since U is the local unitary operator, any entanglement
measure E(ρˆA,D) that is invariant under the local uni-
tary operations is directly applicable to the normalized
POVM ΠˆB,C to quantify the entanglement created by
the measurement. We obtain the final expression as,
E(ρˆA,D) = E
U
(
ΠˆA,D
)T
U†
Tr
[
ΠˆA,D
]

= E
 ΠˆB,C
Tr
[
ΠˆB,C
]

= M(ΠˆB,C). (17)
Here M is the entanglement measure of the POVM as
defined in the main text. We relabelled the POVM ΠˆA,D
as ΠˆB,C , and note that E is invariant for the transpose.
II. ANALYTICAL SOLUTION OF POVM WITH
COHERENT STATE INPUTS
In this section, we will discuss how we can analytically
calculate the POVM from the measurement probabilities
with various coherent state inputs. We aim at finding
the minimum set of coherent states to reconstruct the
POVM. In the next section, we will discuss how we actu-
ally choose the set of coherent states by taking into ac-
count the experimental setup. We also note that the ana-
lytical solution will not be used to reconstruct the POVM
in the experiment, rather the optimization method will
be used for the best possible results under the experi-
mental errors.
We assume a two-mode and global-phase-insensitive
detector where each mode has d-dimensional Hilbert
space. As explained in the main text, we actually have to
reconstruct the POVM with larger dimensions, and then
truncate it to the d2 × d2 matrix representation. This is
because we use a two-mode coherent state as the input
for reconstruction.
The general two-mode coherent state without global
phase is expressed as
∣∣α, βeiδ〉 (α, β, δ ∈ R), which is
expanded in the photon number basis as,
∣∣α, βeiδ〉 = exp [−1
2
(|α|2 + |β|2)] ∞∑
m,n
αmβneinδ√
m!n!
|m,n〉 .
(18)
In order to use a coherent state for the reconstruction
of the POVM, we need to truncate the dimension of the
coherent state so that it matches the dimension of the
POVM. However, we cannot truncate the two-mode co-
herent state to d2-dimensions. This is because the coeffi-
cients of |m,n〉 (m+n = 2(d− 1)) can be comparable to
the coefficient of |d− 1, d− 1〉. Instead we truncate the
two-mode coherent state so that the total photon number
is limited to m+ n ≤ N ,
∣∣α, βeiδ〉
N
= exp
[
−1
2
(|α|2 + |β|2)]
×
N∑
m=0
m∑
n=0
αnβ(m−n)ei(m−n)δ√
n!(m− n)! |n,m− n〉 .
(19)
The subscript of the ket, N , denotes the truncated vec-
tor up to the total photon number of N . N is chosen as
N = 2(d − 1) so that the truncated Hilbert space (the
dimension of (N + 2)(N + 1)/2 = d(2d − 1)) contains
the target Hilbert space (the dimension of d2). Note
that we will choose two amplitudes α and β so that
N
〈
α, βeiδ|α, βeiδ〉
N
' 1. Henceforce we will use the
truncated coherent states only, and we will omit the sub-
script N , although we may occasionally add N to em-
phasize the truncated vector.
The POVM for a global phase insensitive detector with
up to the total photon number of N is expressed as,
Πˆ =
N∑
n=0
n∑
k=0
n∑
l=0
pik,n−k,l,n−l |k, n− k〉〈l, n− l| . (20)
This POVM has (N + 1)(N + 2)(2N + 3)/6 unknowns
in total. In our experiment, the dimension is d = 2 and
the total photon number should be N = 2, thus we will
need at least 14 linearly independent coherent states to
reconstruct the POVM. As we have seen, each coherent
state (Eq. (19)) is associated with a triplet of parameters
(α, β, δ). A minimum set SN of triplets can be expressed
as
SN =
{(
α(s)v , β
(s)
v ,
2pi
2s+ 1
m
)∣∣∣∣ s = {0, 1, · · · , N},
0 ≤ v ≤ N − s, 0 ≤ m ≤ 2s, (v,m) ∈ Z
}
. (21)
We will later discuss how to choose
(
α
(s)
v , β
(s)
v
)
.
Here we show how all the POVM elements can be an-
alytically obtained with the set of coherent states SN .
Let us first calculate the probability p(α, βeiδ) for a two-
mode coherent state input
∣∣α, βeiδ〉 with the POVM Πˆ
8in Eq. (20),
p(α, βeiδ) =
〈
α, βeiδ
∣∣ Πˆ ∣∣α, βeiδ〉 (22)
=
N∑
n=0
n∑
k=0
n∑
l=0
pik,n−k,l,n−l
e−α
2−β2αk+lβ2n−k−l√
k!(n− k)!l!(n− l)! e
iδ(k−l)
(23)
=
N∑
∆=−N
N∑
n=|∆|
min(n,n+∆)∑
k=max(0,∆)
× pik,n−k,k−∆,n+∆−kCk,∆(α, β)eiδ∆, (24)
where ∆ = k − l, and Ck,∆(α, β) is the
coefficient of pik,n−k,k−∆,n+∆−k except the
phase eiδ∆. We used the relationship∑N
n=0
∑n
k=0
∑n
l=0 =
∑N
n=0
∑n
∆=−n
∑min(n,n+∆)
k=max(0,∆) =∑N
∆=−N
∑N
n=|∆|
∑min(n,n+∆)
k=max(0,∆). Note that the num-
ber of POVM elements with ∆ in Eq. (24) is
(N − |∆|+ 1)(N − |∆|+ 2)/2.
By integrating this probability p(α, βeiδ) with the
phase factor eitδ(t ∈ Z), we can sort out the terms with
∆ = t as,
1
2pi
∫ 2pi
0
p(α, βeiδ)e−itδdδ
=
N∑
n=|t|
min(n,n+t)∑
k=max(0,t)
pik,n−k,k−t,n+t−kCk,t(α, β). (25)
From the discrete set of δ = 2pi2s+1m ∈ SN , we can simi-
larly sort out the terms with ∆ = t as,
1
(2s+ 1)
2s∑
m=0
p(α, βei
2pi
2s+1m)e−it
2pi
2s+1m
= A
(s)
t (α, β) +B
(s)
t (α, β), (26)
where
A
(s)
t (α, β) =
N∑
n=|t|
min(n,n+t)∑
k=max(0,t)
pik,n−k,k−t,n+t−kCk,t(α, β),
(27)
B
(s)
t (α, β) =
∑
∆=t+(2s+1)u
(u6=0,|∆|≤N)
N∑
n=|∆|
min(n,n+∆)∑
k=max(0,∆)
× pik,n−k,k−∆,n+∆−kCk,∆(α, β). (28)
A
(s)
t (α, β) is the desired term that is the same as Eq.
(25), while B
(s)
t (α, β) is an additional term due to the
aliasing. Note that B
(s)
t (α, β) does not include any terms
with the phase factor of |∆| ≤ |t|, if |t| ≤ s.
We will then explain the sequential procedure to cal-
culate the POVM elements using Eq. (26). We as-
sume that we have a set of probabilities p(α, βeiδ) for
(α, β, δ) ∈ SN . First we use data for the input coherent
states of
{(
α
(N)
0 , β
(N)
0 ,
2pi
2N+1m
) ∣∣∣0 ≤ m ≤ 2N,m ∈ Z}.
Let s = t = N in Eqs. (27) and (28), which give us,
A
(N)
N (α
(N)
0 , β
(N)
0 ) = piN,0,0,NCN,N (α
(N)
0 , β
(N)
0 ), (29)
B
(N)
N (α
(N)
0 , β
(N)
0 ) = 0. (30)
Since the left-hand side of Eq. (26) is computable from
the given probabilities, we can calculate the POVM el-
ement piN,0,0,N (or the POVM element for ∆ = N
in the expression of Eq. (24)). Next, we calculate
A
(N)
N−1(α
(N)
0 , β
(N)
0 ) and B
(N)
N−1(α
(N)
0 , β
(N)
0 ) (i.e., s = N ,
t = N − 1) using the same data set. In this case,
A
(N)
N−1(α
(N)
0 , β
(N)
0 ) contains three POVM elements for
∆ = N−1, i.e., piN−1,0,0,N−1, piN−1,1,0,N , and piN,0,1,N−1,
while B
(N)
N−1(α
(N)
0 , β
(N)
0 ) is still zero. Thus we have an
equation with three unknowns. To solve this equation,
we use additional data for the input coherent states of{(
α
(N−1)
v , β
(N−1)
v ,
2pi
2N−1m
) ∣∣∣v = {0, 1}, 0 ≤ m ≤ 2(N −
1),m ∈ Z
}
. Letting s = N − 1 and t = N − 1 in Eq.
(26) with these data, we obtain two additional equations
for v = 0, 1. In this case, A
(N−1)
N−1 (α
(N−1)
v , β
(N−1)
v ) con-
tains the same three POVM elements for ∆ = N − 1,
while B
(N−1)
N−1 (α
(N−1)
v , β
(N−1)
v ) contains pi0,N,N,0. Since
pi0,N,N,0 = pi
∗
N,0,0N is already derived, we can solve the
simultaneous equations regarding the POVM elements
for ∆ = N − 1 as long as these equations are linearly
independent.
In the same manner, we can sequentially calculate the
POVM elements for ∆ = N−l. When we set t = N−l in
Eq. (26) with the set of inputs
{(
α
(s)
v , β
(s)
v ,
2pi
2N−1m
) ∣∣∣s =
{N − l, N − l + 1, · · · , N}, 0 ≤ v ≤ N − s, 0 ≤ m ≤
2s, {v,m} ∈ Z
}
, we will obtain (l+1)(l+2)/2 equations
with the unknown POVM elements for ∆ = N − l and
the known POVM elements for |∆| > N − l. Since the
number of the unknown POVM elements for ∆ = N−l is
(N−|∆|+1)(N−|∆|+2)/2 = (l+1)(l+2)/2, we can solve
those simultaneous equations as long as the equations are
linearly independent.
Thus, we have proven that the set of coherent states
in Eq. (21) is enough to calculate all the POVM ele-
ments. Since the degrees of freedom of the POVM is
the same as the number of input coherent states, the
set of coherent states in Eq. (21) is a minimum set
of input states. The additional constraints are that
we have to choose
(
α
(s)
v , β
(s)
v
)
so that the simultane-
ous equations derived in the procedure are linearly in-
dependent, and the truncation is adequately achieved,
i.e., N
〈
α
(s)
v , β
(s)
v eiδ
∣∣α(s)v , β(s)v eiδ〉
N
' 1.
9III. PREPARATION OF COHERENT STATE
INPUTS
In this section, we will explain how to prepare coherent
states in the experiment. The minimum number of coher-
ent states is 14 as explained in the previous section. We
will actually prepare a larger number of coherent states
by taking into account experimental implementations.
Figure 4 shows the schematic to prepare a coherent
state in the polarization two-modes, |α, β〉. The opti-
cal power of the horizontally polarized beam after the
polarization beam splitter (PBS) is denoted as P , i.e.,
the state vector is expressed as
∣∣∣√P , 0〉. The state after
the quarter wave plate (QWP) and the half wave plate
(HWP) with the angles θQ and θH is,
|α, β〉 ≡ UˆHWP(θH)UˆQWP(θQ)
∣∣∣√P , 0〉 , (31)
where UˆQWP and UˆHWP are unitary operators for QWP
and HWP. We use the Jones matrix method [36] to cal-
culate this,
(
α
β
)
= UHWP(θH)UQWP(θQ)
(√
P
0
)
, (32)
where
UHWP(θH) =
(
cos 2θH sin 2θH
sin 2θH − cos 2θH
)
, (33)
UQWP(θQ) =
1√
2
(
1− i cos 2θQ −i sin 2θQ
−i sin 2θQ 1 + i cos 2θQ
)
. (34)
Let us calculate the absolute values of the output ampli-
tudes (α and β), and the relative phase angle δ,
|α| =
√
P
2
(1 + cos 2θQ cos 2(2θH − θQ)), (35)
|β| =
√
P
2
(1− cos 2θQ cos 2(2θH − θQ)), (36)
tan δ =
tan 2θQ
sin 2(2θH − θQ) , (37)
where α = |α|eiδα , β = |β|eiδβ , and δ = δβ − δα. Thus,
we can prepare an arbitrary two-mode coherent state∣∣|α|, |β|eiδ〉, by adjusting the optical power P and the
wave plate angles θQ and θH .
In order to reconstruct the detector POVMs with N =
2, we prepare 19 sets of coherent states as listed in Table
I. These states are represented by the parameters in the
HWPQWPPBS
ߠொ ߠு
|ߙ, ߚۧ
Powerܲ
ห ܲ, 0ൿ
FIG. 4. Input states preparation. θQ and θH are the rotating
angles of QWP and HWP, respectively.
TABLE I. Input states preparation in the experiment. θQ and
θH are the rotating angles of QWP and HWP, respectively.
The units of powers P , |α|2, and |β|2 are the photon numbers
per wave packet.
P θQ[deg] θH [deg] |α| |β| δ[deg]
0.20 −22.5 −33.75 0.316 0.316 −135
0.20 −45 −22.5 0.316 0.316 −90
0.20 −22.5 11.25 0.316 0.316 −45
0.20 0 22.5 0.316 0.316 0
0.20 22.5 33.75 0.316 0.316 45
0.20 45 22.5 0.316 0.316 90
0.20 22.5 −11.25 0.316 0.316 135
0.20 0 −22.5 0.316 0.316 180
0.20 0 0 0.447 0 -
0.20 0 45 0 0.447 -
0.05 −30 −15 0.194 0.112 −90
0.05 0 15 0.194 0.112 0
0.05 30 15 0.194 0.112 90
0.05 0 −15 0.194 0.112 180
0.05 −30 30 0.112 0.194 −90
0.05 0 30 0.112 0.194 0
0.05 30 −30 0.112 0.194 90
0.05 0 −30 0.112 0.194 180
0 - - 0 0 -
set,
{(α, β, δ)} =
{
(0, 0,−),
(√
P1
2 ,
√
P1
2 ,
m1pi
4
)
,(√
P1, 0,−
)
,
(
0,
√
P1,−
)
,(√
P2
4 ,
√
3P2
4 ,
m2pi
2
)
,
(√
3P2
4 ,
√
P2
4 ,
m2pi
2
)
∣∣∣∣m1 = {0, 1, · · · , 7},m2 = {0, 1, 2, 3}
}
,
(38)
where we use a vacuum input and two powers, P1
and P2. In the current experiment, we chose P1 =
0.20 photons and P2 = 0.05 photons. Note that
N
〈√
0.2, 0
∣∣√0.2, 0〉
N
= 0.999, and we decided to employ
slightly larger number of coherent states to simplify the
rotating angles of two wave plates (see Table I).
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(a) Reconstructed POVM with L = 16.6%.
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(b) Reconstructed POVM with L = 49.1%.
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(c) Reconstructed POVM with L = 75.4%.
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(d) Experimental result without PBS2 (L = 27.9%)
FIG. 5. Reconstructed two-mode detector POVMs corresponding to “on”.
IV. EXPERIMENTS
In this section we clarify some experimental details
that are not mentioned in the main text.
In our setup, we use a CW laser rather than a pulsed
laser, which was used in previous detector tomography
experiments [23, 29–35]. Compared with pulsed laser ex-
periments, we have an additional degree of freedom, i.e.,
we can arbitrarily determine a temporal mode of a quan-
tum state. Since the detector characteristics are depen-
dent on the temporal mode of an input state, this degree
of freedom gives us an additional capability of character-
ization of a detector. In our experiment, we set the tem-
poral mode as a square shape with the width of 1 µs for
simplicity. Note that the dead time of SNSPDs (∼40 ns)
is negligible since it is much shorter than the width of
the wave packets. We record 100,000 measurement out-
comes for each input state (1,900,000 outcomes in total)
to estimate POVMs. We repeat each measurement run
six times to derive experimental error bars (standard de-
viations) of the reconstructed POVMs.
The dark counts of our detectors are below 200 counts
per second. Since we choose 1 µs wave packet, the dark
count per wave packet is less than 2 × 10−4. Thus, the
effect of the dark count is negligible in the current exper-
iment.
V. EXPERIMENTAL RESULTS
Figure 5 shows the reconstructed POVMs Πˆon that
are not shown in the main text. Here we show only 4× 4
matrix representations as in the main text. Figure 5(a)-
(c) are the results with ND filters. Corresponding losses
are (a) 16.6%, (b) 49.1%, and (c) 75.4%. Figure 5(d) is
the result without PBS2, and corresponding loss is 27.9%.
